Published by Institute of Physics Publishing for SISSA/ISAS Received: September 04, 2002 Accepted: November 13, 2002

On the construction of variant supergravities in D = 11, D = 10

Silvia Vaulà

Dipartimento di Fisica, Politecnico di Torino Corso Duca degli Abruzzi 24, I-10129 Torino, and Istituto Nazionale di Fisica Nucleare (INFN) Sezione di Torino, Italy E-mail: vaula@polito.it

Abstract: We construct with a geometric procedure the supersymmetry transformation laws and lagrangian for all the “variant” D = 11 and D = 10 type-IIA supergravities. We identify into our classification the D = 11 and D = 10 type-IIA “variant” theories first introduced by Hull performing T-duality transformation on both spacelike and timelike circles. We find in addition a set of D = 10 type-IIA “variant” supergravities that can not be obtained trivially from eleven dimensions compactifying on a circle.

Keywords: M-Theory, String Duality, Supersymmetry and Duality, Supergravity Models.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep112002024 /jhep112002024 .pdf

Contents

1. Introduction 1

2. Construction of D = 11 free differential algebras 2

3. Construction of D = 10 type-IIA free differential algebras 5

4. The supersymmetric transformation laws and lagrangians 10 4.1 The D = 11 supergravities 10 4.2 The D = 10 type-IIA supergravities 12

5. Conclusions 17

A. Consistency of the Majorana condition 18

1. Introduction

Variant supergravities were first introduced by Hull [1] considering T-duality transformations on timelike circles. Type-IIA and type-IIB string theories are interchanged by T-duality on a spacelike circle while if the T-duality is performed on a timelike circle they transform respectively into the IIB^∗ and IIA^∗ theories, that are “variant” form of the conventional type-IIA and type-IIB string theories, characterized by the presence of ghosts. From a supergravity point of view, this reflects into the fact that while the compactification on a spacelike circle of type-IIA and type-IIB supergravities leads to the same nine dimensional theory, the compactification on a timelike circle of type-IIA^∗ and type-IIB^∗ supergravities leads to the same euclidean nine dimensional theory. Further developments [2] considered the possibility of perform more complicated T-duality on tori including both spacelike and timelike circles obtaining type-II D = 10 and D = 11 variant supergravities with non lorentzian space-time signature and often with ghost-like fields. In this paper we consider the problem of constructing such variant supergravities, particularly the variant D = 11 and D = 10 type-IIA theories, from an algebraic point of view. In the present case, this can be done only for those signatures admitting reducible spinors, since we need no more than 32 supersymmetries in order to avoid fields with spin higher than two. In D = 11 only the Majorana condition can be imposed and this is possible only for signatures ρ = ŝ − t̂ = 1, 7 (mod 8); for the non-chiral type IIA, we can use only Majorana or Majorana-Weyl spinors, that in D = 10 occur when the number of timelike dimensions is t = 0, 2, 6 (mod 8) [3, 4, 5]. We know that conventional D = 11 [6]–[9] and D = 10 type-IIA [10, 11] supergravities are local theories of the OSp(1|32) supergroup, thus their fields form a real irreducible representation of OSp(1|32), respectively

– 1 – on an eleven and ten dimensional Minkowski space-time. This implies, in the geometric (group-manifold or rheonomic) approach, that we are able to construct with such fields a Free Differential Algebra (FDA) [12] (that is a set of generalized Maurer-Cartan equations closed under d-differentiation) describing the supersymmetric vacuum configuration; this will be the starting point for the construction of the theory. From this point of view, if in D = 11 or D = 10 and in a given space–time signature we are able to write down one or more FDA involving a real representation of OSp(1|32), in principle we can construct the corresponding supergravity. On the other hand, we know that OSp(1|32) has only one real form. In ref. [14] it is shown that in D = 11 there is only one vector in the OSp(1|32) algebra that can be identified with a real translational operator, then for each allowed signature there is only one real representation of OSp(1|32); so we expect we are able to construct just one FDA for each signature and consequently only one supergravity. On the contrary in D = 10 there are two possible identifications for the vector acting as a translational operator, then there are two real representation of OSp(1|32) for each signature, and consequently we could in principle construct two distinct FDA and two supergravities. In the present paper we will take as a starting point the construction of all possible FDA for each allowed signature. We will see how it is possible to identify the ghost content of each variant theory just from the FDA whit no need to construct the the theory. Then we outline a quite general procedure to construct a variant supergravity once the conventional one is known and apply it to the present case.

The paper is organized as follows:

In section 2 we construct all the possible FDA in eleven dimensions and derive the procedure which we will use to identify the structure of the D = 11 variant supergravities.

In section 3 we repeat the same steps for the D = 10 type-IIA variant supergravities. In section 4 we perform explicitly the construction of the variant D = 11 and D = 10 Type-IIA supergravities from the conventional ones and give all the supersymmetry transformation laws and Lagrangians.

In section 5 we give our conclusions and in appendix we discuss the consistence of the Majorana condition for different signatures and the definition of the Dirac conjugate spinors.

2. Construction of D = 11 free differential algebras

In this section we consider the problem of constructing a D = 11 supergravity with a non lorentzian signature (t̂, ŝ), with η = {+, +, + t̂ times , . . . −, −, − ŝ times

} (2.1)

that we will indicate with M(t̂, ŝ). First we observe that we can construct a D = 11 supergravity only for those signatures allowing Majorana spinors, since the number of real supercharges can not be higher than 32, in order to avoid the presence of fields whit spin higher than two. It is well known [3] that this is possible only for the following signatures:

M(1, 10)M(2, 9)M(5, 6)M(6, 5)M(9, 2)M(10, 1) .

– 2 –

The field content of the D = 11 supermultiplet is given by the spin 2 vielbein field V^â_{μ̂} , the spin 3/2 gravitino field ψ_{μ̂} and by the spin 1 antisymmetric tensor field C_{μ̂ν̂ρ̂}; â, b̂ = 1, 2 . . . 11 are flat indexes, μ̂, ν̂ = 1, 2 . . . 11 are curved indexes. The M(t̂, ŝ) supergravities are based on the following Free Differential Algebra (FDA) [9] describing the supersymmetric vacuum configuration.

DV^â + αψ̄Γ^âψ = 0 , (2.2) R^{âb̂} = 0 , (2.3) Dψ = 0 , (2.4) F = dC + βψ̄Γ_{âb̂}ψV^âV^{b̂} = 0 , (2.5)

where R^{âb̂} = dω^{âb̂} − ω^â_ĉω^{ĉb̂} is the lorentzian curvature and ω^{âb̂} the spin connection, while D is the Lorentz derivative. Γ^â are the eleven dimensional Gamma-matrices, satisfying the Clifford algebra { Γ^â, Γ^{b̂} } = 2η_{âb̂} (2.6) with η_{âb̂} defined in eq. (2.1). The closure under d-differentiation does not depend on α and β and relies on the following Fierz identity: ψ̄Γ^âψψ̄Γ_{âb̂}ψ = 0 . (2.7)

On the other hand, since the fields appearing in the D = 11 multiplet are a real representation of OSp(1|32) [9], α and β must be chosen appropriately; in order to do that, we must analyze the reality of the currents appearing in the FDA, since it depends on the signature (t̂, ŝ) and on the way we define the Dirac conjugate spinor ψ̄ ≡ ψ^†G^{−1} . (2.8)

We have two possible choices for the matrix G in D = t + s dimensions [13] in order to have ψ̄ψ transforming as a Lorentz scalar: the first choice corresponds to the product of all the timelike Gamma-matrices, that is:

G_I = Γ^1 . . . Γ^t (2.9)

while the second choice corresponds to take the product of all the spacelike Gammamatrices:

G_{II} = Γ^{D−s} . . . Γ^D . (2.10) Correspondingly the hermitian conjugate of the Gamma-matrices is given by:

Γ^{a†} = η G^{−1}Γ^aG , (2.11)

where the phase η takes two different values according to the two choices of G, namely

η_I = (−1)^{t−1} ; η_{II} = (−1)^s . (2.12)

– 3 –

M(1, 10) M(2, 9) M(5, 6) M(6, 5) M(9, 2) M(10, 1) χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} ψ̄Γaψ −1 +1 −1 −1 −1 +1 −1 −1 −1 +1 −1 −1 ψ̄Γabψ +1 −1 −1 −1 +1 −1 −1 −1 +1 −1 −1 −1

Table 1: Values of the phase χ for D = 11 currents.

If we consider a current j^{a1 ...an} ≡ λ̄γ^{a1...an} λ, where γ^{a1 ...an} is a totally antisymmetric product of Gamma-matrices, we have [13] (j^{a1 ...an} )^∗ = −δχj^{a1 ...an} , χ_I = (−1)^{12 (t−n−1)(t−n)} , χ_{II} = (−1)^{12 (n−s−1)(n−s)} , (2.13)

where the subscripts I and II refer to the two possible choices for the matrix G = {G_I , G_{II} } and δ = ±1 is the arbitrary phase appearing in the convention one uses for the definition of the complex conjugate of the product of two spinors, namely [13, 15]

(λμ)^∗ = δλ^∗μ^∗ = −δμ^∗λ^∗ . (2.14)

Let us apply those considerations to the D = 11 case, for the signatures we are interested in; we resume the result in table 1.

We can see that for each signature the choice I or II is equivalent, because of the arbitrary phase δ (see appendix). For the M(1, 10) theory we choose α = −i/2 and we see that this leads to a real vielbein in eq. (2.2) if we set, for instance, δ = −1 and G = G_I ; consequently β should be a real number and we choose β = −1/2, obtaining this way the following M(1, 10) FDA [9]: DV^â − i 2 ψ̄Γ^âψ = 0 , (2.15)

R^{âb̂} = 0 , (2.16) Dψ = 0 , (2.17) F = dC − 1 2 ψ̄Γ_{âb̂}ψV^âV^{b̂} = 0 . (2.18)

Looking at table 1 we see that, keeping δ = −1 and G = G_I , we can set α = −i/2 for all signatures; on the other hand β must be real for signatures M(1, 10), M(5, 6), M(9, 2) an we set β = −1/2, while it should be pure imaginary for signatures M(10, 1), M(6, 5), M(2, 9), in these cases we can choose β = −i/2, obtaining this way a different FDA. DV^â − i 2 ψ̄Γ^âψ = 0 , (2.19)

R^{âb̂} = 0 , (2.20) Dψ = 0 , (2.21) ~F = d ~C − i 2 ψ̄Γ_{âb̂}ψV^âV^{b̂} = 0 . (2.22)

Obviously if we start from the FDA (2.19)–(2.22) and implement the rheonomic construc-

– 4 – tion procedure we will obtain a theory which differs from the conventional one obtained from the FDA (2.15)–(2.18). By the way there is no need to construct from the very beginning the supersymmetry transformation laws and the lagrangian for all the variant forms of D = 11 supergravity; it is more useful to find some suitable redefinitions that transform the conventional D = 11 supergravity into its variant forms. For signatures M(10, 1), M(6, 5), M(2, 9) if we keep β = −1/2, that is we start from the same FDA (2.15)–(2.18) of the conventional theory, we would work with a pure imaginary super covariant field strength F . We know that this do not correspond to a real representation but the closure of the FDA depends neither on the space-time signature, nor on the reality of the fields; the Fierz identity (2.7) follows from the absence of some threelinear fermionic representations of SO(11), and of all its non compact forms SO(t̂, ŝ). The whole rheonomic procedure of constructing the supersymmetry transformation laws from the FDA (see for instance [12]) does not depend on the space-time signature and the reality of the fields; once the supersymmetry transformation laws are given, is easy to see that also the Einstein term and the bosonic kinetic terms of a supersymmetric lagrangian are certainly not depending on these latter. This means that if we keep β = −1/2 for all M(t̂, ŝ) theories, we have formally the same FDA for them all, consequently we will get formally the same supersymmetric transformation laws and the same kinetic lagrangian. At this point one has just to recall that for M(10, 1), M(6, 5), M(2, 9) theories the field F is pure imaginary and it must be expressed in terms of a real field ~F , that is F = −i ~F . Consequently, since the M(1, 10) theory is ghost free, the kinetic term of the field F undergoes a change of sign; hence for M(10, 1), M(6, 5), M(2, 9) theories the real field ~F is a ghost. This is the same result conjectured by Hull [2, 16]. Since we considered the problem with a constructive geometric approach, we can conclude that these are the only M(t̂, ŝ) theories one can construct and therefore we are able to give a simple recipe to determine their supersymmetry transformation laws and lagrangian as will be discussed in section 4. This algebraic argument is related to the one used in ref. [14]: there exists only one real section of the complex OSp(1|32) superalgebra and in D = 11 there is only one way to identify the generators acting as space-time translations, so the D = 11 realization of the real section of the algebra is unique for each signature. On the other hand, in D = 10 there are two possibilities of identifying the generators of space-time translations, and this doubles the theories for each signature. This will be discussed in the next section.

3. Construction of D = 10 type-IIA free differential algebras

We want now to make the same analysis for D = 10 type-IIA supergravity for various signatures, that we will indicate as IIA(t, s) theories. As in the previous D = 11 case, we can consider just the signatures admitting Majorana spinors, that is: IIA(0, 10)IIA(1, 9)IIA(2, 8)IIA(4, 6)IIA(5, 5) and their mirrorst ↔ s(for signatures IIA(1, 9), IIA(9, 1) and IIA(5, 5) we have Majorana- Weyl spinors, but now we prefer to use Majorana spinors ψ = ψ_L + ψ_R for homogeneity of notation). It is well known that type-IIA(1, 9) supergravity can be obtained from

– 5 –

M(1, 10) supergravity compactifying on a space-like circle, and recently was found [2] that the M(t̂, ŝ) and the IIA(t, s) supergravities are linked each other via T-duality on tori including timelike circles. In particular it was found [2] that reducing M(t̂, ŝ) theories on spacelike or timelike circles gives rise to IIA(t, s) theories according to the following scheme:

IIA(0, 10) time IIA(1, 9) space

M(1, 10)

IIA^∗(1, 9) time IIA(2, 8) space

M(2, 9)

IIA(4, 6) time IIA(5, 5) space

M(5, 6)

IIA(9, 1) time IIA(10, 0) space

M(10, 1)

IIA(8, 2) time IIA^∗(9, 1) space

M(9, 2)

IIA^∗(5, 5) time IIA(6, 4) space

M(6, 5)

(3.1)

The IIA^∗ theories are distinct from the ones with the same space-time signature [2, 14]. When the reduction is performed on the D = 11 FDA, the gamma-matrices reduce according to the following rules: Γ^â −→ γ^a , a, â = 1 . . . 10 , Γ^{11} −→ γ^{11} ≡ ϕγ^1γ^2 . . . γ^{10} . (3.2)

The phase ϕ must be fixed according to the square in eleven dimensions: (Γ^{11})^2 = 1 if we compactify on a timelike circle, (Γ^{11})^2 = −1 on a spacelike circle. According to our choice for the signature we have:

(γ^{11})^2 = ϕ^2(−1)^{s+1} . (3.3) The relevant thing is how the definition of the Dirac conjugate spinor ψ̄ = ψ^†G^{−1} changes reducing from D = 11 to D = 10; let us consider the various cases. If the Dirac conjugate spinor in D = 11 is defined using G = G_I = Γ^1 . . . Γ^{t̂} there are two possible cases: if we reduce on a spacelike circle Γ^{11} does not appear in the definition of ψ̄ and hence the Dirac conjugate spinor reduces to D = 10 as

ψ̄ = ψ^†(G^{(11)}_I )^{−1}; G^{(11)}_I = Γ^1 . . . Γ^{t̂ D=10}−→ ψ̄ = ψ^†(G^{(10)}_I )^{−1}; G^{(10)}_I = γ^1 . . . γ^t . (3.4)

On the other hand, if we reduce on a timelike circle Γ^{11} appears in the definition of ψ̄, since G = G_I = Γ^1 . . . Γ^{t̂} = Γ^1 . . . Γ^{t̂−1}Γ^{11}; recalling definition (3.2) for the eleventh Gammamatrix, we have that ψ̄ = ψ^†(G^{(11)}_I )^{−1}; G^{(11)}_I = Γ^1 . . . Γ^{t̂−1}Γ^{11 D=10}−→ ψ̄ = ξψ^†(G^{(10)}_{II} )^{−1}; G^{(10)}_{II} = γ^{10−s} . . . γ^{10} , (3.5)

– 6 – where ξ is a phase depending on ϕ and on the number of spacelike dimensions that has to be determined for each case. On the other hand, if in D = 11 the Dirac conjugate spinor is defined using G = G_{II} , the reduction on a timelike circle leaves the definition unchanged, while a reduction on a spacelike circle leads to a definition in D = 10 with G = G_I , up to a phase. This is a general feature of reduction from D = 2n + 1 → D − 1 = 2n: if we reduce on a spacelike circle we obtain a theory in D − 1 dimensions formulated with ψ̄ = ψ^†G^{−1}_I , if we reduce on a timelike circle we obtain a theory formulated with ψ̄ = ψ^†G^{−1}_{II} , and this does not depend on the definition of ψ̄ in D dimensions.^1 We will not perform here the explicit reduction to ten dimensions for the various signatures; it is more useful to start from the very beginning and construct all the possible IIA(t, s) with the geometric approach considering the appropriate D = 10 FDA. However the previous discussion was important to realize that we must take into account both type of theories, with Dirac conjugate spinors defined with G = G_I and G = G_{II} and will help us to identify the theories we are going to construct with the ones classified by Hull in ref. [2], summarized in the diagram (3.1).

We take as starting point the FDA of the already known IIA(1, 9) theory, obtained compactifying the FDA of M(1, 10) supergravity [9] on a spacelike circle: DV^a − i 2 ψ̄γ^aψ = 0 , (3.6)

R^{ab} = 0 , (3.7) Dψ = 0 , (3.8) G = dA − i 2 ψ̄γ^{11}ψ = 0 , (3.9) H = dB − 1 2 ψ̄γ^aγ^{11}ψV_a = 0 , (3.10) F = dC − 1 2 ψ̄γ^{ab}ψV_aV_b + iBψ̄γ^{11}ψ = 0 . (3.11)

Besides the graviton, described by the vielbein V^a_μ , the spin^3_2 gravitino ψ_μ, the one-form field A_μ, the two-form field B_{μν} and the three-form C_{μνρ}, the D = 10, OSp(1|32) multiplet contains the spin 1/2 dilatino χ and the scalar dilaton σ, that are zero in the vacuum. In order to determine the structure of all the IIA(t, s) theories, we must analyze the reality properties of the currents involved in the FDA; it is useful to define

γ = γ^1γ^2 . . . γ^{10} (3.12)

so that the matrix γ^{11} appearing in the IIA(1, 9) FDA (3.6)–(3.11) is defined as

γ^{11} = iγ , ( γ^{11}

)_2 = −1 . (3.13)

The reality properties of the D = 10 currents for the various signatures (t, s), are resumed in table 2:

1This also happens while constructing (if possible) anti de Sitter and de Sitter supergravities in even dimensions [17].

– 7 –

(t, s) (0, 10) (1, 9) (2, 8) (4, 6) (5, 5) χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} ψ̄γaψ +1 +1 −1 −1 −1 −1 +1 +1 −1 −1 ψ̄γabψ +1 −1 +1 −1 −1 +1 +1 −1 +1 −1 ψ̄γaγψ +1 +1 −1 −1 −1 −1 +1 +1 −1 −1 ψ̄γψ +1 −1 +1 −1 −1 +1 +1 −1 +1 −1 (t, s) (10, 0) (9, 1) (8, 2) (6, 4) χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} χ_I χ_{II} ψ̄γaψ −1 −1 −1 −1 +1 +1 −1 −1 ψ̄γabψ −1 +1 +1 −1 +1 −1 −1 +1 ψ̄γaγψ −1 −1 −1 −1 +1 +1 −1 −1 ψ̄γψ −1 +1 +1 −1 +1 −1 −1 +1

Table 2: Values of the phase χ for D = 10 currents.

We can easily see, recalling definition (3.13), that the FDA (3.6)–(3.11) is then defined with real fields if we choose δ = −1 and G = G_I . As we did in D = 11, we want now to find a relation between the already known supersymmetry transformation laws and lagrangian of IIA(1, 9) supergravity and the other we are going to construct. The reasoning is the same: since the procedure of constructing the theory is dependent neither on the signature, nor on the definition of the Dirac conjugate, nor on the reality of the fields, we will keep the FDA (3.6)–(3.11) for all the theories and consequently we will get formally the same solution. Next, we will redefine the fields that are pure imaginary in terms of real ones: this way, since the IIA(1, 9) theory is ghost free, whenever an imaginary field occurs, it will be associated to a real ghost-like field. With this analysis we are able to determine which fields are ghost in each theory just from an algebraic constructive approach. When scalar fields are involved, some more considerations are needed to understand if the scalar will be a ghost or if the redefinition χ → iχ on the spin 1/2 field is needed; it is easy to see that the dilaton can never become a ghost, as explained in the appendix. We must also recall that, when doing explicit calculation starting from the IIA(1, 9) FDA (3.6)–(3.11), we make use of the fact that (γ^{11})^2 = −1, where γ^{11} = iγ; hence, if we want to use the same FDA for all the theories, we must define case by case a matrix γ^{11} which squares to −1. Recalling eq. (3.3), we see that (γ)^2 = −1 if s is even, hence, in this case, we should define γ^{11} = γ. Consequently one has to take into account the difference of a factor “−i” while evaluating the reality of the currents for theories with an even number of spacelike dimensions. Last, since it is convenient to leave unchanged the torsion eq. (3.6), it is useful to set δ = 1 for signatures (0, 10), (4, 6), (8, 2) and δ = −1 for the others as we can see from table 2. For sake of clearness, let us first identify the theories occurring in ref. [2] with the ones appearing in table 2. Remembering that for a theory obtained compactifying on a spacelike circle G = G_I while for a theory obtained compactifying on a timelike circle G = G_{II} we have the following set of identifications: (t, s) = (1, 9) : G = G_I −→ IIA(1, 9) ; G = G_{II} −→ IIA^∗(1, 9) ,

– 8 –

(t, s) = (9, 1) : G = G_I −→ IIA^∗(9, 1) ; G = G_{II} −→ IIA(9, 1) , (t, s) = (5, 5) : G = G_I −→ IIA(5, 5) ; G = G_{II} −→ IIA^∗(5, 5) , (3.14) (t, s) = (0, 10) : G = G_{II} −→ IIA(0, 10) , (t, s) = (10, 0) : G = G_I −→ IIA(10, 0) , (t, s) = (2, 8) : G = G_I −→ IIA(2, 8) , (t, s) = (8, 2) : G = G_{II} −→ IIA(8, 2) , (t, s) = (4, 6) : G = G_{II} −→ IIA(4, 6) , (t, s) = (6, 4) : G = G_I −→ IIA(6, 4) . (3.15)

We can observe that for the first group of signatures (3.14) we have both the IIA and the IIA^∗ theories, while for the second group (3.15) we have just one theory for each signature; all together, these are the only theories that can be obtained from D = 11 compactifying on a spacelike or on a timelike circle, according to ref. [2]. On the other hand, as we can see from table 2 these are not the only IIA theories one can construct; for each signature (t, s) we have always two distinct FDA formulated respectively with G = G_I and G = G_{II} corresponding to two different choices of the generators of the translations as explained in ref. [14]; it is clear from table 2 that they are distinct theories with a different content of ghost. It is also evident that they can not be obtained from D = 11 supergravity compactifying on just one circle. We will indicate the theories missing from Hull’s classification as IIA^′ according to Van Proeyen’s and Bergshoeff’s notation [14] and they can be identified as follows:^2

(t, s) = (0, 10) : G = G_I −→ IIA^′(0, 10) , (t, s) = (10, 0) : G = G_{II} −→ IIA^′(10, 0) , (t, s) = (2, 8) : G = G_{II} −→ IIA^′(2, 8) , (t, s) = (8, 2) : G = G_I −→ IIA^′(8, 2) , (t, s) = (4, 6) : G = G_I −→ IIA^′(4, 6) , (t, s) = (6, 4) : G = G_{II} −→ IIA^′(6, 4) . (3.16)

This scenario is similar to what happens in D = 6 for the complex F (4)^t superalgebra [17]: for t = 1, 2 [5, 15] we have two different real sections, that correspond to a de Sitter and an anti de Sitter vacuum, respectively. If we consider their contraction m = 0 to a Poincaré vacuum, they are still two different theories; the contraction coming from AdS is ghost free, while in the contraction from dS the spin 1 fields F^Λ are ghosts, as in the uncontracted theory. In any case, the two FDA are characterized by a different definition of the Dirac conjugate spinor, with G = G_I and G = G_{II} , respectively. At this point we can simplify the content of table 2 taking into account all the previous considerations. In table 3 we have grouped the theories with the same characteristics and we indicate the reality of each

2The authors of [14] propose a redefinition that identifies the algebra underlying the theories (3.16) with the one of (3.15); with this formulation it is not evident how to identify the (3.16) with the (3.15) supergravities.

– 9 –

IIA(1, 9) IIA^∗(1, 9) IIA(0, 10) IIA^′(10, 0) IIA(10, 0) IIA^′ (0, 10) IIA(5, 5) IIA^∗(5, 5) IIA(4, 6) IIA^′ (6, 4) IIA(6, 4) IIA^′(4, 6) IIA^∗(9, 1) IIA(9, 1) IIA(8, 2) IIA^′ (2, 8) IIA(2, 8) IIA^′(8, 2) ψ̄γaψ imaginary imaginary imaginary imaginary ψ̄γabψ real imaginary real imaginary ψ̄γaγ11ψ real real imaginary imaginary ψ̄γ11ψ imaginary real real imaginary

Table 3: Reality of the currents for D = 10 type-IIA supergravities. IIA(1, 9) IIA^∗(1, 9) IIA(0, 10) IIA^′ (10, 0) IIA(10, 0) IIA^′ (0, 10) IIA(5, 5) IIA^∗(5, 5) IIA(4, 6) IIA^′(6, 4) IIA(6, 4) IIA^′(4, 6) IIA^∗(9, 1) IIA(9, 1) IIA(8, 2) IIA^′(2, 8) IIA(2, 8) IIA^′(8, 2) F + − + − H + + − − G + − − + Table 4: Presence of ghosts in D = 10 type-IIA supergravities.

current. For each group of theories the ghost-like fields are the ones defined with currents whose reality differs from the one of the IIA(1, 9) theory, that is known to be ghost free. In table 4 we explicitly write the sign of the kinetic terms for each group of theories; we write a “+” when the sign is the same as the IIA(1, 9) theory and a “-” if it differs. Note that, due to the structure of the supercovariant field strength (3.11) the only possible combination of ghost and no-ghost fields are those of table 4.

4. The supersymmetric transformation laws and lagrangians

4.1 The D = 11 supergravities

In this section we will write explicitly the supersymmetry transformation rules and the relevant terms of the D = 11 and D = 10 type-IIA variant supergravities lagrangian, applying the redefinitions discussed in the previous sections. As explained in section 2, the M(1, 10), M(5, 6), M(9, 2) theories have the same structure, that is the well known conventional D = 11 supergravity [6] to which we refer from now on.^3 The supersymmetry transformation laws are:

δV^â_{μ̂} = −iεΓ^âψ_{μ̂} , (4.1)

δψ_{μ̂} = D_{μ̂}ε + i 144 ( Γ^{ν̂ρ̂σ̂λ̂} μ̂ − 8δ^{ν̂}_{μ̂}Γ^{ρ̂σ̂λ̂} ) F_{ν̂ρ̂σ̂λ̂}ε , (4.2) δC_{μ̂ν̂ρ̂} = 3 2 εΓ_{μ̂ν̂} ψ_{ρ̂} . (4.3)

3There are some small differences in the conventions and normalization with respect to ref. [9] to which we referred in section 2, but this is irrelevant for our purposes

– 10 –

Furthermore the lagrangian is given by:

(det V )^{−1}L = − 1 4 R − i 2 ψ̄_{μ̂}Γ^{μ̂ν̂ρ̂}D_{ν̂} ψ_{ρ̂} − 1 48 F_{μ̂ν̂ρ̂σ̂}F^{μ̂ν̂ρ̂σ̂} + + 1 192 ( ψ̄_{μ̂}Γ^{μ̂ν̂ρ̂σ̂λ̂π̂}ψ_{ν̂} + 12ψ̄^{ρ̂}Γ^{σ̂λ̂}ψ^{π̂} ) ( F_{ρ̂σ̂λ̂π̂} + F_{μ̂ν̂ρ̂σ̂} ) + (4.4) + 2 (12)^4 (det V )^{−1}ϵ^{α̂β̂γ̂δ̂λ̂μ̂ν̂π̂σ̂τ̂ ω̂}F_{α̂β̂γ̂δ̂}F_{λ̂μ̂ν̂π̂}C_{σ̂τ̂ ω̂} , (4.5) where we have defined according to ref. [6] the field strength F_{μ̂ν̂ρ̂σ̂} = 4∂_{[μ̂}C_{ν̂ρ̂σ̂]} and the super covariant field strength F_{μ̂ν̂ρ̂σ̂} = F_{μ̂ν̂ρ̂σ̂} − 3ψ̄_{μ̂}Γ_{ν̂ρ̂}ψ_{σ̂}. For the M(10, 1), M(6, 5), M(2, 9) theories, the supersymmetry transformation rules and the lagrangian are formally the same as (4.1)–(4.5) but the super covariant field strength F and the field strength F are pure imaginary. Expressing them in terms of real objects F = −i ~F ; F = −i ~F ; C = −i ~C (4.6) we thus obtain the supersymmetry transformation laws and the lagrangian for the M(10, 1), M(6, 5), M(2, 9) theories. The supersymmetry transformation laws are:

δV^â_{μ̂} = −iεΓ^âψ_{μ̂} , (4.7)

δψ_{μ̂} = D_{μ̂}ε + 1 144 ( Γ^{ν̂ρ̂σ̂λ̂} μ̂ − 8δ^{ν̂}_{μ̂}Γ^{ρ̂σ̂λ̂} ) ~F_{ν̂ρ̂σ̂λ̂}ε , (4.8) δ ~C_{μ̂ν̂ρ̂} = i 3 2 εΓ_{μ̂ν̂} ψ_{ρ̂} , (4.9)

where the super covariant field strength is ~F_{μ̂ν̂ρ̂σ̂} = ~F_{μ̂ν̂ρ̂σ̂} − 3iψ̄_{μ̂}Γ_{ν̂ρ̂}ψ_{σ̂}. As explained before, this method works as long as the signature of the space-time does not enter the computation; otherwise some more considerations are needed. Hence, performing a supersymmetry transformation on the lagrangian, the Chern-Simons term must cancel with the Pauli term, but this involves the dualization of Lorentz indices on the Gamma-matrices, which depends on the number of spacelike dimensions. When the number s of spacelike dimensions is even, as in the standard D = 11 supergravity, we have the usual definition: ϵ_{α1...αnβ1...βm} Γ^{β1...βm} = (−1)^{m(m−1)/2}(−i)m! Γ_{α1...αn} . (4.10) When s is odd, as in the present case, eq. (4.10) must be modified with an extra “i” factor, that is: ϵ_{α1...αnβ1...βm} Γ^{β1...βm} = (−1)^{m(m−1)/2}(−1)m! Γ_{α1...αn} . (4.11) This implies that we need an extra “i” also in the Chern-Simons term, in order to have cancellation.

(det V )^{−1}L = − 1 4 R − i 2 ψ̄_{μ̂}Γ^{μ̂ν̂ρ̂}D_{ν̂} ψ_{ρ̂} + 1 48 ~F_{μ̂ν̂ρ̂σ̂} ~F^{μ̂ν̂ρ̂σ̂} − − i 192 ( ψ̄_{μ̂}Γ^{μ̂ν̂ρ̂σ̂λ̂π̂}ψ_{ν̂} + 12ψ̄^{ρ̂}Γ^{σ̂λ̂}ψ^{π̂} ) ( ~F_{ρ̂σ̂λ̂π̂} + ~F_{ρ̂σ̂λ̂π̂} ) − − 2 (12)^4 (det V )^{−1}ϵ^{α̂β̂γ̂δ̂λ̂μ̂ν̂π̂σ̂τ̂ ω̂} ~F_{α̂β̂γ̂δ̂} ~F_{λ̂μ̂ν̂π̂} ~C_{σ̂τ̂ ω̂} . (4.12) As we stressed before, we can see that the field ~F_{λ̂μ̂ν̂π̂} is a ghost.

– 11 –

4.2 The D = 10 type-IIA supergravities

We will now consider the type-IIA theories, starting from the already known IIA(1, 9) [10], to which we refer for notations and conventions; from the previous analysis we know that the IIA(1, 9), IIA(5, 5) and IIA^∗(9, 1) have the same structure, that we can take from ref. [10].

The supersymmetry transformation laws are (up to three fermion terms):

δV^a_μ = −iεγ^aψ_μ , (4.13) δA_μ = i 2 e^{− 98 σ}ψ̄_μγ^{11}ε − i 3 √ 2 8 e^{− 98 σ}χ̄γ_με , (4.14)

δB_{μν} = e^{34 σ}ψ̄_{[μ}γ_{ν]}γ^{11}ε − 1 2 √ 2 e^{34 σ}χ̄γ_{μν} ε , (4.15) δC_{μνρ} = − 3 2 e^{− 38 σ}ψ̄_{[μ}γ_{νρ]}ε + 1 4 √ 2 e^{− 38 σ}χ̄γ^{11}γ_{μνρ}ε +

+ 6e^{34 σ}A_{[μ}ψ̄_ν γ_{ρ]}γ^{11}ε − 3 √ 2 e^{34 σ}A_{[μ}χ̄γ_{νρ]}ε , (4.16) δσ = i 2 √ 2 3 χ̄γ^{11}ε , (4.17) δψ_μ = D_με − 1 32 e^{98 σ} ( γ^{νρ}_μ − 14δ^ν_μγ^ρ ) γ^{11}G_{νρ}ε + i 48 e^{− 34 σ} ( γ^{νρσ} μ − 9δ^ν_μγ^{ρσ} ) γ^{11}H_{νρσ}ε + + i 128 e^{38 σ} ( γ^{νρστ} μ − 20 3 δ^ν_μγ^{ρστ} ) F_{νρστ} ε , (4.18) δχ = 3 √ 2 8 D_μσγ^μγ^{11}ε + 3 8 √ 2 e^{98 σ}γ^{μν} G_{μν} ε + i 12 √ 2 e^{− 34 σ}γ^{μνρ}H_{μνρ}ε + − i 96 √ 2 e^{38 σ}γ^{μνρσ}γ^{11}F_{μνρσ} ε . (4.19)

The lagrangian is given by (up to four fermions terms):

(det V )^{−1}L = − 1 4 R − i 2 ψ̄_μγ^{μνρ}D_ν ψ_ρ − 1 48 e^{34 σ}F_{μνρσ} F^{μνρσ} + 1 12 e^{− 32 σ}H_{μνρ}H^{μνρ} + − 1 4 e^{94 σ}G_{μν} G^{μν} + i 2 χ̄γ^μD_μχ − i 3 √ 2 8 χ̄γ^{11}γ^μγ^ν ψ_μ∂_ν σ + 9 32 ∂_μσ∂^μσ + + 3 2(12)^3 (det V )^{−1}ϵ^{αβγδλμνρστ} F_{αβγδ}F_{λμνρ}B_{στ} + + 1 96 e^{38 σ} ( ψ̄_μγ^{μνλρστ} ψ_ν + 12ψ̄^λγ^{ρσ}ψ^τ + + 1 √ 2 χ̄γ^{11}γ^μγ^{λρστ} ψ_μ + 3 4 χ̄γ^{λρστ} χ ) F_{λρστ} + − 1 24 e^{− 34 σ} ( ψ̄_μγ^{11}γ^{μνλρσ} ψ_ν − 6ψ̄^λγ^{11}γ^ρψ^σ − √ 2χ̄γ^μγ^{λρσ}ψ_μ ) H_{λρσ} + − i 8 e^{98 σ} ( ψ̄_μγ^{11}γ^{μνλρ}ψ_ν + 2ψ̄^λγ^{11}ψ^ρ + + 3 √ 2 χ̄γ^μγ^{λρ}ψ_μ + 5 4 χ̄γ^{11}γ^{λρ}χ ) G_{λρ} , (4.20)

– 12 – where we have defined, according to ref. [10], the super covariant field strength as F_{μνρσ} = F_{μνρσ} − 3e^{− 38 σ}ψ̄_{[μ}γ_{νρ}ψ_{σ]} + 1 √ 2 e^{− 38 σ}χ̄γ^{11}γ_{[μνρ}ψ_{σ]} , (4.21) H_{μνρ} = H_{μνρ} − 3 2 e^{34 σ}ψ̄_{[μ}γ_ν γ^{11}ψ_{ρ]} + 3 2 √ 2 e^{34 σ}χ̄γ_{[μν} ψ_{ρ]} , (4.22)

G_{μν} = G_{μν} + i 2 e^{− 98 σ}ψ̄_μγ^{11}ψ_ν − i 3 √ 2 4 e^{− 98 σ}χ̄γ_{[μ}ψ_{ν]} , (4.23) D_μσ = ∂_μσ + i 2 √ 2 3 ψ̄_μγ^{11}χ (4.24)

and the field strength as

F_{μνρσ} = 4∂_{[μ}C_{μνρ} + 8A_{[μ}H_{νρσ]} ; H_{μνρ} = 3∂_{[μ}B_{νρ]} ; G_{μν} = 2∂_{[μ}A_{ν]} . (4.25)

As discussed in the previous section, all the other theories have formally the same structure, but they contain some pure imaginary fields and we need to redefine them in terms of real ones case by case, according to the analysis of tables 3 and 4 and the appendix. For the theories IIA^∗(1, 9), IIA^∗(5, 5) and IIA(9, 1) we need to redefine F = −i ~F ; F = −i ~F ; C = −i ~C , G = −i ~G ; G = −i ~G ; A = −i ~A , χ = i~χ ; χ̄ = −i~χ̄ , (4.26) where we have maintained the definition (4.25) for the field strength. Thus, the supersymmetry transformation laws and the lagrangian of theories IIA^∗(1, 9), IIA^∗(5, 5) and IIA(9, 1) are given by:

δV^a_μ = −iεγ^aψ_μ , (4.27) δ ~A_μ = − 1 2 e^{− 98 σ}ψ̄_μγ^{11}ε − i 3 √ 2 8 e^{− 98 σ} ~χ̄γ_με , (4.28)

δB_{μν} = e^{34 σ}ψ̄_{[μ}γ_{ν]}γ^{11}ε + i 2 √ 2 e^{34 σ}χ̄γ_{μν} ε , (4.29) δ ~C_{μνρ} = −i 3 2 e^{− 38 σ}ψ̄_{[μ}γ_{νρ]}ε + 1 4 √ 2 e^{− 38 σ} ~χ̄γ^{11}γ_{μνρ}ε + + 6e^{34 σ} ~A_{[μ}ψ̄_ν γ_{ρ]}γ^{11}ε + i 3 √ 2 e^{34 σ} ~A_{[μ}χ̄γ_{νρ]}ε , (4.30) δσ = 2 √ 2 3 χ̄γ^{11}ε , (4.31)

δψ_μ = D_με + i 32 e^{98 σ} ( γ^{νρ}_μ − 14δ^ν_μγ^ρ ) γ^{11}G_{νρ}ε + (4.32) + i 48 e^{− 34 σ} ( γ^{νρσ} μ − 9δ^ν_μγ^{ρσ} ) γ^{11}H_{νρσ}ε + + 1 128 e^{38 σ} ( γ^{νρστ} μ − 20 3 δ^ν_μγ^{ρστ} ) F_{νρστ} ε , (4.33) δχ = −i 3 √ 2 8 D_μσγ^μγ^{11}ε − 3 8 √ 2 e^{98 σ}γ^{μν} G_{μν} ε + 1 12 √ 2 e^{− 34 σ}γ^{μνρ}H_{μνρ}ε +

– 13 –

+ i 96 √ 2 e^{38 σ}γ^{μνρσ}γ^{11}F_{μνρσ} ε , (4.34)

(det V )^{−1}L = − 1 4 R − i 2 ψ̄_μγ^{μνρ}D_ν ψ_ρ + 1 48 e^{34 σ} ~F_{μνρσ} ~F^{μνρσ} + 1 12 e^{− 32 σ}H_{μνρ}H^{μνρ} + + 1 4 e^{94 σ} ~G_{μν} ~G^{μν} + i 2 ~χ̄γ^μD_μ ~χ − 3 √ 2 8 ~χ̄γ^{11}γ^μγ^ν ψ_μ∂_ν σ + 9 32 ∂_μσ∂^μσ + − 3 2(12)^3 (det V )^{−1}ϵ^{αβγδλμνρστ} ~F_{αβγδ} ~F_{λμνρ}B_{στ} + − i 96 e^{38 σ} ( ψ̄_μγ^{μνλρστ} ψ_ν + 12ψ̄^λγ^{ρσ}ψ^τ − − i √ 2 ~χ̄γ^{11}γ^μγ^{λρστ} ψ_μ + 3 4 ~χ̄γ^{λρστ} ~χ ) F_{λρστ} + − 1 24 e^{− 34 σ} ( ψ̄_μγ^{11}γ^{μνλρσ} ψ_ν − 6ψ̄^λγ^{11}γ^ρψ^σ + i √ 2~χ̄γ^μγ^{λρσ}ψ_μ ) H_{λρσ} + − 1 8 e^{98 σ} ( ψ̄_μγ^{11}γ^{μνλρ}ψ_ν + 2ψ̄^λγ^{11}ψ^ρ − − i 3 √ 2 ~χ̄γ^μγ^{λρ}ψ_μ + 5 4 ~χ̄γ^{11}γ^{λρ} ~χ ) G_{λρ} . (4.35)

Comparing the lagrangian (4.35) with the lagrangian (4.20) we see that ~F_{μνρσ} and ~G_{μν} are ghost, as previously discussed. Furthermore the super covariant field strength are now defined as ~F_{μνρσ} = ~F_{μνρσ} − 3ie^{− 3}_8^σψ̄_{[μ}γ_{νρ}ψ_{σ]} + 1√ 2 e^{− 38 σ}χ̄γ^{11}γ_{[μνρ}ψ_{σ]} , (4.36) H_{μνρ} = H_{μνρ} − 3 2 e^{34 σ}ψ̄_{[μ}γ_ν γ^{11}ψ_{ρ]} + 3 2 √ 2 e^{34 σ}χ̄γ_{[μν} ψ_{ρ]} , (4.37) ~G_{μν} = ~G_{μν} − 1 2 e^{− 98 σ}ψ̄_μγ^{11}ψ_ν − i 3 √ 2 4 e^{− 98 σ}χ̄γ_{[μ}ψ_{ν]} , (4.38) D_μσ = ∂_μσ − 2 √ 2 3 ψ̄_μγ^{11} ~χ . (4.39)

For the IIA(0, 10) and IIA^′(0, 10) series, since we have an even number of spacelike dimensions, we must recall that the dualization rules are different, in order to write the correct Chern-simons term. If the number s of spacelike dimensions is odd, as in the the previous cases we have ϵ_{α1...αnβ1...βm} γ^{β1...βm} = (−1)^{m(m−1)/2}(−i)m! γ^{11}γ_{α1...αn} . (4.40) When s is even, as in the present case, eq. (4.40) must be modified with an extra “i” factor, that is: ϵ_{α1...αnβ1...βm} γ^{β1...βm} = (−1)^{m(m−1)/2}(−1)m! γ^{11}γ_{α1...αn} (4.41) thus we need an extra “i” also the Chern-Simons term, in order to have cancellation when performing a supersymmetry transformation on the lagrangian.

For the theories IIA(0, 10), IIA(4, 6), IIA(8, 2), IIA^′(10, 0), IIA^′(6, 4) and IIA^′(2, 8), according to the discussion in the previous section we redefine H = i ~H ; H = i ~H ; B = i ~B , (4.42)

– 14 –

G = −i ~G ; G = −i ~G ; A = −i ~A , (4.43) χ = i~χ ; χ̄ = −i~χ̄ , (4.44) where we have maintained the definition (4.25) also for the “tilded” field strength. The supersymmetry transformation laws and the lagrangian are given by:

δV^a_μ = −iεγ^aψ_μ , (4.45) δ ~A_μ = − 1 2 e^{− 98 σ}ψ̄_μγ^{11}ε − i 3 √ 2 8 e^{− 98 σ}χ̄γ_με , (4.46)

δ ~B_{μν} = −ie^{34 σ}ψ̄_{[μ}γ_{ν]}γ^{11}ε + 1 2 √ 2 e^{34 σ} ~χ̄γ_{μν} ε , (4.47) δC_{μνρ} = − 3 2 e^{− 38 σ}ψ̄_{[μ}γ_{νρ]}ε − i 1 4 √ 2 e^{− 38 σ} ~χ̄γ^{11}γ_{μνρ}ε + − 6ie^{34 σ} ~A_{[μ}ψ̄_ν γ_{ρ]}γ^{11}ε + 3 √ 2 e^{34 σ} ~A_{[μ} ~χ̄γ_{νρ]}ε , (4.48) δσ = 2 √ 2 3 ~χ̄γ^{11}ε , (4.49)

δψ_μ = D_με + i 32 e^{98 σ} ( γ^{νρ}_μ − 14δ^ν_μγ^ρ ) γ^{11} ~G_{νρ}ε − − 1 48 e^{− 34 σ} ( γ^{νρσ} μ − 9δ^ν_μγ^{ρσ} ) γ^{11} ~H_{νρσ}ε + + i 128 e^{38 σ} ( γ^{νρστ} μ − 20 3 δ^ν_μγ^{ρστ} ) F_{νρστ} ε , (4.50) δ ~χ = −i 3 √ 2 8 D_μσγ^μγ^{11}ε − 3 8 √ 2 e^{98 σ}γ^{μν} ~G_{μν} ε + i 12 √ 2 e^{− 34 σ}γ^{μνρ} ~H_{μνρ}ε + − 1 96 √ 2 e^{38 σ}γ^{μνρσ}γ^{11}F_{μνρσ} ε (4.51)

(det V )^{−1}L = − 1 4 R − i 2 ψ̄_μγ^{μνρ}D_ν ψ_ρ − 1 48 e^{34 σ}F_{μνρσ} F^{μνρσ} − 1 12 e^{− 32 σ} ~H_{μνρ} ~H^{μνρ} + + 1 4 e^{94 σ} ~G_{μν} ~G^{μν} + i 2 ~χ̄γ^μD_μ ~χ − 3 √ 2 8 ~χ̄γ^{11}γ^μγ^ν ψ_μ∂_ν σ + 9 32 ∂_μσ∂^μσ + − 3 2(12)^3 (det V )^{−1}ϵ^{αβγδλμνρστ} F_{αβγδ} F_{λμνρ} ~B_{στ} + + 1 96 e^{38 σ} ( ψ̄_μγ^{μνλρστ} ψ_ν + 12ψ̄^λγ^{ρσ}ψ^τ − − i 1 √ 2 ~χ̄γ^{11}γ^μγ^{λρστ} ψ_μ + 3 4 ~χ̄γ^{λρστ} ~χ ) F_{λρστ} + − i 24 e^{− 34 σ} ( ψ̄_μγ^{11}γ^{μνλρσ} ψ_ν − 6ψ̄^λγ^{11}γ^ρψ^σ + i √ 2~χ̄γ^μγ^{λρσ}ψ_μ ) ~H_{λρσ} + − 1 8 e^{98 σ} ( ψ̄_μγ^{11}γ^{μνλρ}ψ_ν + 2ψ̄^λγ^{11}ψ^ρ − − i 3 √ 2 ~χ̄γ^μγ^{λρ}ψ_μ + 5 4 ~χ̄γ^{11}γ^{λρ} ~χ ) ~G_{λρ} . (4.52)

Comparing the lagrangian (4.52) with the lagrangian (4.20) we see that ~H_{μνρ} and ~G_{μν} are

– 15 – ghost, as previously discussed. Here we have defined the super covariant field strength as F_{μνρσ} = F_{μνρσ} − 3e^{− 38 σ}ψ̄_{[μ}γ_{νρ}ψ_{σ]} − i 1 √ 2 e^{− 38 σ} ~χ̄γ^{11}γ_{[μνρ}ψ_{σ]} , (4.53) ~H_{μνρ} = ~H_{μνρ} + i3 2 e^{34 σ} ~ψ̄_{[μ}γ_ν γ^{11}ψ_{ρ]} − 3 2 √ 2 e^{34 σ}χ̄γ_{[μν} ψ_{ρ]} , (4.54) ~G_{μν} = ~G_{μν} − 1 2 e^{− 98 σ}ψ̄_μγ^{11}ψ_ν − i 3 √ 2 4 e^{− 98 σ} ~χ̄γ_{[μ}ψ_{ν]} , (4.55) D_μσ = ∂_μσ − 2 √ 2 3 ψ̄_μγ^{11} ~χ . (4.56)

Finally, we derive the structure of IIA(10, 0), IIA(6, 4), IIA(2, 8), IIA^′(0, 10), IIA^′(4, 6) and IIA^′(8, 2), for which we define F = −i ~F ; F = −i ~F ; C = −i ~C , (4.57) H = −i ~H ; H = −i ~H ; B = −i ~B (4.58) maintaining the definition (4.25) for the “tilded” field strength. The supersymmetry transformation laws and the lagrangian are given by:

δV^a_μ = −iεγ^aψ_μ , (4.59) δA_μ = i 2 e^{− 98 σ}ψ̄_μγ^{11}ε − i 3 √ 2 8 e^{− 98 σ}χ̄γ_με , (4.60)

δ ~B_{μν} = ie^{34 σ}ψ̄_{[μ}γ_{ν]}γ^{11}ε − i 2 √ 2 e^{34 σ}χ̄γ_{μν} ε , (4.61) δ ~C_{μνρ} = −i 3 2 e^{− 38 σ}ψ̄_{[μ}γ_{νρ]}ε + i 1 4 √ 2 e^{− 38 σ}χ̄γ^{11}γ_{μνρ}ε +

+ 6ie^{34 σ}A_{[μ}ψ̄_ν γ_{ρ]}γ^{11}ε − i 3 √ 2 e^{34 σ}A_{[μ}χ̄γ_{νρ]}ε , (4.62) δσ = i 2 √ 2 3 χ̄γ^{11}ε , (4.63) δψ_μ = D_με − 1 32 e^{98 σ} ( γ^{νρ}_μ − 14δ^ν_μγ^ρ ) γ^{11}G_{νρ}ε + + 1 48 e^{− 34 σ} ( γ^{νρσ} μ − 9δ^ν_μγ^{ρσ} ) γ^{11} ~H_{νρσ}ε + + 1 128 e^{38 σ} ( γ^{νρστ} μ − 20 3 δ^ν_μγ^{ρστ} ) ~F_{νρστ} ε , (4.64) δχ = 3 √ 2 8 D_μσγ^μγ^{11}ε + 3 8 √ 2 e^{98 σ}γ^{μν} G_{μν} ε + 1 12 √ 2 e^{− 34 σ}γ^{μνρ} ~H_{μνρ}ε + − 1 96 √ 2 e^{38 σ}γ^{μνρσ} γ^{11} ~F_{μνρσ} ε , (4.65)

(det V )^{−1}L = − 1 4 R − i 2 ψ̄_μγ^{μνρ}D_ν ψ_ρ + 1 48 e^{34 σ} ~F_{μνρσ} ~F^{μνρσ} − 1 12 e^{− 32 σ} ~H_{μνρ} ~H^{μνρ} + − 1 4 e^{94 σ}G_{μν} G^{μν} + i 2 χ̄γ^μD_μχ − i 3 √ 2 8 χ̄γ^{11}γ^μγ^ν ψ_μ∂_ν σ + 9 32 ∂_μσ∂^μσ + − 3 2(12)^3 (det V )^{−1}ϵ^{αβγδλμνρστ} ~F_{αβγδ} ~F_{λμνρ} ~B_{στ} +

– 16 –

− i 96 e^{38 σ} ( ψ̄_μγ^{μνλρστ} ψ_ν + 12ψ̄^λγ^{ρσ}ψ^τ + + 1 √ 2 χ̄γ^{11}γ^μγ^{λρστ} ψ_μ + 3 4 χ̄γ^{λρστ} χ ) F_{λρστ} + + i 24 e^{− 34 σ} ( ψ̄_μγ^{11}γ^{μνλρσ} ψ_ν − 6ψ̄^λγ^{11}γ^ρψ^σ − √ 2χ̄γ^μγ^{λρσ}ψ_μ ) H_{λρσ} + − i 8 e^{98 σ} ( ψ̄_μγ^{11}γ^{μνλρ}ψ_ν +2ψ̄^λγ^{11}ψ^ρ + + 3 √ 2 χ̄γ^μγ^{λρ}ψ_μ + 5 4 χ̄γ^{11}γ^{λρ}χ ) G_{λρ} . (4.66)

Comparing the lagrangian (4.66) with the lagrangian (4.20) we see that ~F_{μνρσ} and ~H_{μνρ} are ghost, as previously discussed. Here we have defined the super covariant field strength as ~F_{μνρσ} = ~F_{μνρσ} − 3ie^{− 3}_8^σψ̄_{[μ}γ_{νρ}ψ_{σ]} + i√ 2 e^{− 38 σ}χ̄γ^{11}γ_{[μνρ}ψ_{σ]} , (4.67) ~H_{μνρ} = ~H_{μνρ} − i3 2 e^{34 σ}ψ̄_{[μ}γ_ν γ^{11}ψ_{ρ]} + i 3 2 √ 2 e^{34 σ}χ̄γ_{[μν} ψ_{ρ]} , (4.68)

G_{μν} = G_{μν} + i 2 e^{− 98 σ}ψ̄_μγ^{11}ψ_ν − i 3 √ 2 4 e^{− 98 σ}χ̄γ_{[μ}ψ_{ν]} , (4.69) D_μσ = ∂_μσ + i 2 √ 2 3 ψ̄_μγ^{11}χ . (4.70)

5. Conclusions

In this paper we have constructed with the geometric approach the supersymmetry transformation laws and lagrangian for all the variant D = 11 and D = 10 type-IIA supergravities and shown that they admit a supersymmetric Poincaré vacuum. With our constructive approach we realized that for each allowed signature there exists two distinct D = 10 type-IIA supergravities. When variant supergravities were first introduced by Hull [2], two versions of D = 10 type-IIA theories occurred only for signatures (t, s) = (1, 9), (t, s) = (9, 1), (t, s) = (5, 5). The theories classified by Hull are in fact the only D = 10 type-IIA theories that can be obtained from D = 11 supergravity compactifying on a spacelike or on a timelike circle. The set of new theories constructed in this paper can certainly not be obtained trivially compactifying from eleven dimensions on just one circle, and seem to be distinct from the other ones. It would be interesting to understand how they arise in the context of T-duality transformations. The procedure used in this context to construct variant forms of an already known supergravity, can be suitably extended to other cases.

Acknowledgments

The author is grateful to Sergio Ferrara, Riccardo D’Auria and Laura Andrianopoli for useful suggestions and discussions. Work supported in by the European Community’s Human Potential Program under contract HPRN-CT-2000-00131 Quantum Space-Time, in which the author is associated to Torino University

– 17 –

A. Consistency of the Majorana condition

In this appendix we discuss the consistency of the Majorana condition on spinors for various signatures and for the two definitions of the Dirac conjugate spinor ψ̄ = ψ^†G^{−1} G = {G_I , G_{II} }. In D = 11 the only possible choice for the charge conjugation matrix is the antisymmetric one C^T = −C, so that:

γ^T_a = −Cγ_aC^{−1} . (A.1)

On the other hand, the hermitian conjugate depends on the choice of G, since

Γ^{a†} = η G^{−1}Γ^aG , (A.2)

where the phase η takes two different values according to the two definitions of G, namely

η_I = (−1)^{t−1} ; η_{II} = (−1)^s . (A.3)

We can observe that in odd dimensions, the phases (A.3) coincide, so that we have only one way to define the hermitian conjugate of a γ matrix. On the other hand, in odd dimensions, G_I and G_{II} differ only by a phase factor [13], depending on the signature of the space-time. That means that if this factor is real, the reality of a current evaluated with definitions I and II is the same in both cases; if the scalar factor is pure imaginary each current has opposite reality in the two cases, but this can be formally absorbed in the definition of δ in eq. (2.14). Thus, in odd dimension, is totally equivalent to use definition I or II for the Dirac conjugate spinor; since we have chosen for our calculations G = G_I we will consider this latter case and we impose the following Majorana condition on spinors:

ψ^†G^{−1}_I = ψ^T C (A.4)

this must be consistent with the supersymmetry transformation rules of such spinors

δψ^†G^{−1}_I = δψ^T C . (A.5)

At this purpose, we can evaluate the transposition and the hermitian conjugation of the product of n Gamma-matrices in D = 11 using eqs. (A.1), (A.2) and (A.3):

(γ_{a1} . . . γ_{an} )^T = (−1)^nC^{−1}_{(−)}γ_{an} . . . γ_{a1} C_{(−)} ,

(γ_{a1} . . . γ_{an} )^† = (−1)^{n(t−1)}G^{−1}_I γ_{an} . . . γ_{a1} G_I . (A.6)

If we want to satisfy the condition (A.5), the coefficients of the supersymmetry transformation rule of ψ (4.2) and (4.8) must obey a simple rule descending from eqs. (A.6): when t is even the product must appear in the transformation rule with a real coefficient; when t is odd, there must be a real coefficient if n is even and an imaginary one if n is odd. This is exactly what we found in section 4.

These considerations become more interesting in the D = 10 case. When real scalar fields are present they must appear, out of the vacuum configuration, as in eq. (4.24), that is D_μσ = ∂_μσ + i 2 √ 2 3 ψ̄_μγ^{11}χ . (A.7)

– 18 –

In order to have the scalar field σ real, the coefficient of ψ̄_μγ^{11}χ must be chosen according to the reality properties of the current that are summarized in the last line of table 2. According to our previous discussions, we could be tempted to conclude that in the IIA^∗(1, 9) and IIA(0, 10) series, the field σ becomes pure imaginary and then it is a ghost. On the other hand we have to take into account the possibility that the spin 1/2 field χ should be redefined as χ → iχ. The right choice can be made considering the structure of the supersymmetry transformation laws of ψ and χ and requiring that also δψ and δχ satisfy a Majorana condition (in the present case it very easy to see that the dilaton σ could never become pure imaginary, because of its coupling e^σ). In D = 10 we have chosen the same charge conjugation matrix as in D = 11, so we evaluate the transposition of the product of n matrices γ as in D = 11; on the other hand, for hermitian conjugation, we must consider the two distinct definitions I, II for the Dirac conjugate spinor. Using eqs. (A.2) and (A.3), we can evaluate the hermitian conjugate of the product of n Gamma-matrices in the two cases and compare them with the transposition:

(γ_{a1} . . . γ_{an} )^T = (−1)^nC^{−1}_{(−)}γ_{an} . . . γ_{a1} C_{(−)} ,

I : (γ_{a1} . . . γ_{an} )^† = (−1)^{n(t−1)}G^{−1}_I γ_{an} . . . γ_{a1} G_I , II : (γ_{a1} . . . γ_{an} )^† = (−1)^{ns}G^{−1}_{II} γ_{an} . . . γ_{a1} G_{II} . (A.8)

Also in this case it is easy to find a simple rule for the reality of the coefficients in front of a term with n Gamma-matrices in the supersymmetry transformation laws of the fermions. Using G = G_I , if t is even the coefficient is always real; if t is odd, it is real if n is even, pure imaginary if n is odd. Using G = G_{II} , if s is odd the coefficient is always real; if s is even, it is real if n is even, pure imaginary if n is odd. Taking into account the various definition of the matrix γ^{11} it is possible to identify “a priori” the reality of the coefficients appearing in the supersymmetry transformation laws of the fermions for the various cases, in order to have Majorana spinors. We see that we have Majorana spinors if in the IIA^∗(1, 9) and IIA(0, 10) series we define χ → iχ, so that the dilaton never becomes a ghost.

References

[1] C.M. Hull, Timelike t-duality, de Sitter space, large-N gauge theories and topological field theory, J. High Energy Phys. 07 (1998) 021 [hep-th/9806146].

[2] C.M. Hull, Duality and the signature of space-time, J. High Energy Phys. 11 (1998) 017 [hep-th/9807127].

[3] T. Kugo and P.K. Townsend, Supersymmetry and the division algebras, Nucl. Phys. B 221 (1983) 357.

[4] S. Ferrara and M.A. Lledó, Considerations on super Poincaré algebras and their extensions to simple superalgebras, Rev. Mod. Phys. 14 (2002) 519 [hep-th/0112177].

[5] S. Ferrara, Spinors, superalgebras and the signature of space-time, hep-th/0101123.

[6] E. Cremmer, B. Julia and J. Scherk, Supergravity theory in 11 dimensions, Phys. Lett. B 76 (1978) 409.

– 19 –

[7] E. Cremmer and S. Ferrara, Formulation of eleven-dimensional supergravity in superspace, Phys. Lett. B 91 (1980) 61.

[8] H. Nicolai, P.K. Townsend and P. van Nieuwenhuizen, Comments on eleven-dimensional supergravity, Lett. Nuovo Cim. 30 (1981) 315.

[9] R. D’Auria and P. Fré, Geometric supergravity in D = 11 and its hidden supergroup, Nucl.

Phys. B 201 (1982) 101, erratum ibid. B206 (1982) 496.

[10] I.C.G. Campbell and P.C. West, N = 2 D = 10 nonchiral supergravity and its spontaneous compactification, Nucl. Phys. B 243 (1984) 112.

[11] E. Bergshoeff, M. de Roo, B. de Wit and P. van Nieuwenhuizen, Ten-dimensional Maxwell-Einstein supergravity, its currents and the issue of its auxiliary fields, Nucl. Phys. B 195 (1982) 97.

[12] L. Castellani, R. D’Auria and P. Fré, Supergravity and superstrings, vol II, World Scientific, Singapore 1991.

[13] T. Regge, The group manifold approach to unified gravity, CERN-TH-3772 Lectures given at Les Houches summer school on theoretical physics, Jun. 27 – Aug. 4, 1983.

[14] E. Bergshoeff and A. Van Proeyen, The many faces of OSp(1|32), Class. and Quant. Grav.

17 (2000) 3277 [hep-th/0003261].

[15] A. Van Proeyen, Tools for supersymmetry, hep-th/9910030. [16] C.M. Hull, Duality and strings, space and time, hep-th/9911080. [17] R. D’Auria and S. Vaula, D = 6, N = 2, F_4-supergravity with supersymmetric de Sitter background, J. High Energy Phys. 09 (2002) 057 [hep-th/0203074].

– 20 –